
MATH2202 - FALL 2008
MIDTERM EXAM 1 SOLUTIONS

1. (a) A =

24 1 �3 3 �2
�3 7 �1 2
0 1 �4 3

35 �
24 1 �3 3 �2
0 �2 8 �4
0 1 �4 3

35
R2 + 3R1

�

24 1 �3 3 �2
0 1 �4 2
0 1 �4 3

35
R2=� 2

�

24 1 �3 3 �2
0 1 �4 2
0 0 0 1

35
R3 �R2

�

24 1 �3 3 0
0 1 �4 0
0 0 0 1

35 R1 + 2R3
R2 � 2R3

�

24 1 0 �9 0
0 1 �4 0
0 0 0 1

35 R1 + 3R2

(b) The columns of A span R3 because A has a pivot postion in every row.

(c) The columns of A are linearly independent because their number is greater than the
number of entries in each column.

(d) Ax = 0() [A 0] � [B 0]) x1 = 9x3; x1 = 4x3; x3 free variable; and x4 = 0:

=) x =

2664
x1
x2
x3
x4

3775 = x3
2664
9
4
1
0

3775, So the solution is a line through the origin containing

the vector

2664
9
4
1
0

3775.

2. eA =
24 1 �1 �1 1
�1 1 a 2b
a 3a 1 3

35 �
24 1 �1 �1 1
0 0 a� 1 2b+ 1
0 4a 1 + a 3� a

35 R2 +R1
R3 � aR1

�

24 1 �1 �1 1
0 4a 1 + a 3� a
0 0 a� 1 2b+ 1

35 R3
R2

:

(a) The linear system has no solution if a� 1 = 0 and 2b+ 1 6= 0) a = 1 and b 6= �1
2
:

(b) The linear system has a unique solution if a� 1 6= 0 and 4a 6= 0) a 6= 1 and a 6= 0:

(c) The linear system has in�nity of solutions if a� 1 = 0 and 2b+ 1 = 0) a = 1 and

b = �1
2
:

3. (a) T (e1) = e2 and T (e2) = �e1 =) A = [T (e1) T (e2)] =

�
0 �1
1 0

�
:

Since A =
�
0 �1
1 0

�
�
�
1 0
0 �1

�
which has a pivot position in every row, then

Ax = 0 has only the trivial solution. It follows that T is a one-to-one mapping.
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(b) Let w =
�
�5
�6

�
: First, we need to solve for c1 and c2 the vector equation

c1u+ c2v = w,
�
1 2 �5
2 3 �6

�
�
�
1 2 �5
0 �1 4

�
R2 � 2R1

=)
c2 = �4 and c1 = �5� 2c2 = 3:
Hence,

T (w) = T (3u� 4v) = 3T (u)� 4T (v) = 3

24 3
0
�1

35� 4
24 51
0

35 =
24 �11�4
�3

35 :
4. (a) c12v1 + c2(v1 + v2) + c3(�v1 + v3) = 0 =) (2c1 + c2 � c3)v1 + c2v2 + c3v3 = 0

=)

8<:
2c1 + c2 � c3 = 0

c2 = 0
c3 = 0

, since fv1;v2;v3g is a linearly independent set of vectors.

It follows that c1 = c2 = c3 = 0 i.e. f2v1;v1 + v2;�v1 + v3g is also a linearly
independent set of vectors.

(b) T (0; 0) = (1 + 0; 0 + 0) = (1; 0) 6= (0; 0) =) T is not a linear transformation..

(c) If Ax = b has a solution p then the solution set of Ax = b is the set of all vectors
of the form w = p+ vh, where vh is any solution of the homogeneous linear system
Ax = 0: Since the latter has only the trivial solution, then the set of solutions of
Ax = b reduces to the unique solution p:
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MIDTERM EXAM 2 SOLUTIONS

1. (a) Ax = 0) Bx = 0)

2664
x1
x2
x3
x4

3775 =
2664
�2x2 � x4

x2
�x4
x4

3775 = x2
2664
�2
1
0
0

3775+ x4
2664
�1
0

�1
1

3775 ; where

x2 and x4 are free variables. Hence, Nul A = span

8>><>>:
2664
�2
1
0
0

3775 ;
2664
�1
0

�1
1

3775
9>>=>>; :

(b) Any column vector of A is in Col A, for example a1 =

2664
1
2
3

�1

3775 ; is in Col A.

2. (a) x =

2664
a
b
c
d

3775 2 W() �
a+ 3b� c = 0
a+ b+ c� d = 0 ()

�
1 3 �1 0
1 1 1 �1

�2664
a
b
c
d

3775 = � 00
�

() x 2 Nul A, where A =
�
1 3 �1 0
1 1 1 �1

�
: Hence, W= Nul A.

(b) Since W = Nul A, and Nul A is a subspace of R4, so is W .

3.

(i) The set W1 =

��
a
b

�
2 R2; ab > 0

�
is not a subspace because it is not closed under

addition. For example, the vectors
�
1
4

�
,
�
�3
�2

�
belong to the set W1, but their sum�

�2
2

�
does not.

(ii) The set W2 =

��
x
2x+ 3

�
; x 2 R

�
:is not a subspace because the vector equation�

x
2x+ 3

�
=

�
0
0

�
has no solution i.e. W2 does not contain the zero vector of R2.

(iii) The setW3 =

��
x
y

�
2 R2; 2x+ 5y < 0

�
is not a subspace because it is not closed

under scalar multiplication. Suppose that
�
x
y

�
2 W3; then y < �2

5
x. Multiplying by a

negative scalar (c < 0) we get: cy > �2
5
cx: Which implies that

�
cx
cy

�
=2 W3.

4. (a) T (p+ q) =

24 (p+ q)(0)(p+ q)(�1)
(p+ q)(0)

35 =
24 p(0)p(�1)
p(0)

35+
24 q(0)q(�1)
q(0)

35 = T (p) + T (q);
and T (cp) =

24 cp(0)cp(�1)
cp(0)

35 = c
24 p(0)p(�1)
p(0)

35 = cT (p); for c 2 R:Hence, T is a linear a
linear transformation.
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(b) p 2 Ker T ) p(t) = a0 + a1t+ a2t
2 = 0 and p(0) = p(�1) = 0

)
�

a0 = 0
a0 � a1 + a2t = 0

)
�

a0 = 0
a2 = a1

) p(t) = a1t+ a1t
2 ) p(t) = a1t(1 + t).

Hence, t(1 + t) spans Ker T .

5. (a) (A+B) (A+B) = A2 +B2 ) A2 + AB +BA+B2 = A2 +B2

) AB +BA = 0) BA = �AB.
(b) detATA = det I ) detAT detA = 1) (detA)2 = 1) detA = �1:
(c) (B +BX)�1 = X�1A) (B +BX) (B +BX)�1 = (B +BX)X�1A

) (B +BX)X�1A = I which implies that A is invertible by the inverse matrix
theorem.
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FINAL EXAM SOLUTIONS

1. (a) A =

2664
�1 �1 2 �3 1
2 2 �1 0 1
1 1 �2 0 �1
0 0 1 1 1

3775 �
2664
�1 �1 2 �3 1
0 0 3 �6 3
0 0 0 �3 0
0 0 1 1 1

3775 �
2664
�1 �1 2 �3 1
0 0 3 �6 3
0 0 1 1 1
0 0 0 �3 0

3775
�

2664
�1 �1 2 �3 1
0 0 1 �2 1
0 0 1 1 1
0 0 0 �3 0

3775 �
2664
�1 �1 2 �3 1
0 0 1 �2 1
0 0 0 3 0
0 0 0 �3 0

3775 �
2664
�1 �1 2 �3 1
0 0 1 �2 1
0 0 0 3 0
0 0 0 0 0

3775
�

2664
�1 �1 2 �3 1
0 0 1 �2 1
0 0 0 1 0
0 0 0 0 0

3775 = B
(b) The columns of A do not span R4 because we don�t have a pivot position in each

row.

(c) For Col A, observe from B that the pivots are in columns 1, 3, and 4. Hence,
columns 1, 3, and 4 of A form a basis for Col A :

Basis for Col A :

8>><>>:
2664
�1
2
1
0

3775 ;
2664

2
�1
�2
1

3775 ;
2664
�3
0
0
1

3775
9>>=>>;

For Row A;the three non zero rows of B form a basis for Row A:Thus
Basis for Row A :

��
�1 �1 2 �3 1

�
;
�
0 0 1 �2 1

�
;
�
0 0 0 1 0

�	
A � B � C =

2664
1 1 0 0 1
0 0 1 0 1
0 0 0 1 0
0 0 0 0 0

3775.
Hence the equation Ax = 0 is equivalent to Cx = 0, that is:

x1 +x2 +x5 = 0
x3 +x5 = 0

x4 = 0

So, x1 = �x2 � x5; x3 = �x5; x4 = 0; with x2 and x5 free variables. Hence, the
basis of Nul A is given by:

Basis for Nul A :

8>>>><>>>>:

266664
�1
1
0
0
0

377775 ;
266664
�1
0

�1
0
1

377775
9>>>>=>>>>; :

(d) There are two free variables x2 and x5. Hence dim(Nul A) = 2. Also, RankA = 3;
because the number of pivot columns is 3.

2. (a) p(�) = det(A� �I) =

������
�1� � 0 1
�3 2� � 1
0 0 2� �

������ = (2� �) [(2� �) (�1� �)� 0]
= (�1� �)(2� �)2:
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(b) The eigenvalues of A : p(�) = 0) � = �1 or � = 2:

Eigenvector for � = �1: (A� �I)x = 0 �

24 0 0 1 0
�3 3 1 0
0 0 3 0

35 �
24 1 �1 �1=3 0
0 0 1 0
0 0 0 0

35
) x1 = x2; x3 = 0, and x3 a free variable. Hence the vector

24 11
0

35 is an eigenvetor
of A.

Eigenvector for � = 2: (A� �I)x = 0 �

24 �3 0 1 0
�3 0 1 0
0 0 0 0

35 �
24 1 0 �1=3 0
0 0 0 0
0 0 0 0

35
) x1 =

1
3
x3 with x2, and x3 free variables. Hence the vectors

24 01
0

35 and
24 1

3

0
1

35 are
eigenvetors of A:

3. (a) T (x1; x2; x3) =

24 1 0 2
0 �1 1

�1 1 0

3524 x1x2
x3

35 = Ax
(b) detA =

������
1 0 2
0 �1 1

�1 1 0

������ = 1
���� �1 1

1 0

����+ 2 ���� 0 �1
�1 1

���� = �3
and detA2 =

������
1 �1 2
0 �3 1

�1 1 0

������ = �3
���� 1 2
�1 0

����� 1 ���� 1 �1
�1 1

���� = �6:
Therefore x2 = detA2

detA
= �6

�3 = 2:

(c) T (T (x)) = A(Ax) = A2x:

A2 =

24 1 0 2
0 �1 1

�1 1 0

3524 1 0 2
0 �1 1

�1 1 0

35 =
24 �1 2 2
�1 2 �1
�1 �1 �1

35 �
24 �1 2 2

0 0 �3
0 �3 �3

35
�

24 �1 2 2
0 �3 �3
0 0 �3

35 �
24 �1 2 2

0 1 1
0 0 1

35 :
Hence, T � T is a one-to-one mapping because the columns of its standard matrix
A2 are linearly independent.

4. (a) W =

8>><>>:
2664
a
b
c
d

3775 2 R4; � a+ 3b = c
b+ c+ a = d

9>>=>>; =

8>><>>:
2664
a
b
c
d

3775 2 R4; � 1 3 �1 0
1 1 1 �1

�2664
a
b
c
d

3775 = 0
9>>=>>;

=

8>><>>:
2664
�3b+ c
b
c

2c� 2b

3775 ; b; c; d 2 R
9>>=>>; :
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Hence, W = Nul A = Col B;

where A =
�
1 3 �1 0
1 1 1 �1

�
and B =

2664
�3 1
1 0
0 1

�2 2

3775 :
(b) Since W = Nul A, and Nul A is a subspace of R4, so is W .
(c) T (T (x)) = A(Ax) = A2x:

A2 =

24 1 0 2
0 �1 1

�1 1 0

3524 1 0 2
0 �1 1

�1 1 0

35 =
24 �1 2 2
�1 2 �1
�1 �1 �1

35 �
24 �1 2 2

0 0 �3
0 �3 �3

35
�

24 �1 2 2
0 �3 �3
0 0 �3

35 �
24 �1 2 2

0 1 1
0 0 1

35 :
Hence, T � T is a one-to-one mapping because the columns of its standard matrix
A2 are linearly independent.

5. (a) (i) P 2 = uuTuuT = u(uTu)uT = uuT = P
(ii) P T =

�
uuT

�T
=
�
uT
�T
uT = uuT = P

(iii) Q2 = (I � 2P )(I � 2P ) = (I � 2P )� 2P (I � 2P ) = I � 2P � 2P + 4P 2 = I

(b) P =

24 00
1

35 � 0 0 1
�
=

24 0 0 0
0 0 0
0 0 1

35 ; Q = I � 2P =
24 1 0 0
0 1 0
0 0 �1

35 ; and for
x =

24 x1x2
x3

35 ; Qx =
24 x1

x2
�x3

35 : Hence S(x) = Qx is a re�ection about the x1x2 �

plane:

6. (a) Let detA = 1

���� 1 0
�1 2

����� 1 ���� �1 1
0 �1

���� = 1: Let C = Adj A; so we have:
C11 = 2; C12 = 2; C13 = 1; C21 = 1; C22 = 2; C23 = 1; C31 = 1; C32 = 1; and

C33 = 1:
Hence,

P�1 = 1
detA

Adj A =

24 2 1 1
2 2 1
1 1 1

35 :
(b) c1(1� t) + c2(t� t2) + c3(2t2 � 1) = 0) c1 [(1� t)]B + c2 [(t� t2)]B

+ c3 [(2t
2 � 1)]B = [0]B

�

24 1 0 �1 0
�1 1 0 0
0 �1 2 0

35 �
24 1 0 �1 0
0 1 �1 0
0 �1 2 0

35 �
24 1 0 �1 0
0 1 �1 0
0 0 1 0

35 �
24 1 0 �1 0
0 1 �1 0
0 0 1 0

35
�

24 1 0 0 0
0 1 0 0
0 0 1 0

35
) c1 = c2 = c3 = 0 ) the polynomials of B are linearly independent. Since the

dim(P2) = 3; then B is a basis for P2:

(c) xB = P
�1x =

24 2 1 1
2 2 1
1 1 1

3524 1
�2
3

35 =
24 31
2

35 :
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7. (a) Let A =

24 a1a2
a3

35) 5A =

24 5a15a2
5a3

35) det 5A = 53 detA:

(b) The column vectors of A are linearly dependent because there sum is zero. Hence,
Rank A < n:

(c) A has an eigenvalue equal to zero implies that there exist a non trivial eigenvector
x satisfying Ax = 0:
Hence, A is not invertible.

(d) A�1 = 1
detA

Adj A) AA�1 = 1
detA

AAdj A) 1
detA

AAdj A = I

) (Adj A)�1 = 1
detA

A:

8. (a)

������
1 a a2

1 b b2

1 c c2

������ =
������
1 a a2

0 b� a b2 � a2
0 c� a c2 � a2

������ = (b� a) (c� a)
������
1 a a2

0 1 b+ a
0 1 c+ a

������
= (b� a) (c� a)

������
1 a a2

0 1 b+ a
0 0 c� b

������ = (b� a) (c� a) (c� b) :
(b) A2 � 2A+ I = 0) A2 = 2A� I ) A3 = A(2A� I) = 2A2 � A

= 2(2A� I)� A = 3A� 2I:
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