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MATH 2202 - FALL 2009
FINAL EXAM SOLUTIONS

1 1 -2 3 -1 11 -2 3 -1
A_| 4 -4 20 2| |00 -6 12 -6
1 1 -2 0 -1 00 0 -3 0
0 0 11 1 (00 1 1 1
(11 -2 3 —1] (11 -2 3 —1]
00 —6 12 —6 00 1 -2 1
“loo 1 1 1|7 00 1 1 1
(00 0 -3 0] (00 0 1 0]
(11 -2 3 —1] (11 -2 3 —1]
00 1 -2 1 00 1 -2 1
“loo o 3 of"” 00 0 1 0
(00 0 1 0] (00 0 1 0]
[1 1 -2 3 —1] 11 -2 0 —1
00 1 -2 1 00 10 1
“loo o 1 o]~ o0 01 o
00 0 0 0] (00 00 0
(1100 1
00101
“looo1o]| =%
(00000

The columns of A do not span R* because we don’t have a pivot position in each
row.

Observe that B has pivots in 1, 3, and 4. Hence, columns 1, 3, and 4 of A form a
basis for Col A :

1 —2 3
. 4 2 0
Basis for Col A : el 2ol o
0 1 1
1100 1
00101
A~B=141001 0
00 0O00O
Hence the equation Ax = 0 is equivalent to Bx = 0, that is:
Tr1 +x9 +xr5 = 0
T3 +xs = 0
Ty = 0
So, r1 = —x9 — x5, r3 = —x5, x4 = 0, with x5 and x5 free variables. Hence, the
basis of Nul A is given by:
—1 —1
1 0
Basis for Nul A : 01, —1
0 0
0 1

There are two free variables x5 and z5. Hence dim(/Nul A) = 2. Also, Rank A = 3,
because the number of pivot columns is 3.



2.

(a)

B(ATA+X)B=1=B"'B(ATA+X)B=B"'= (ATA+ X)B=B"
= (ATA+X)BB = (B')?= ATA+ X = (B™!)?
= X = (B 12— ATA.

XT — (B—lB—l _ ATA)T — (B—lB—l)T _ (ATA)T _ (B—1>T(B—1)T — AT A
= (BT)"}(BT)™' = ATA = (B™")(B™') — ATA (because BT = B)

= XT'= (B1)?— ATA = X.

Since det AT = det A, det(A43) = (det A)3, det B? = (det B)?,

and det B~! = 1/det B, then

det(A3B1ATB?) = (det A)* x det B =16 x —3 = —48.

W, is not a subspace of R? because it does not contain the zero vector.

W, is not a subspace of R3 because it is not closed under scalar multiplication.

2 —2
For example: the vector v = | —1 | € Wh,but the vector —u = 1| ¢ Ws.
1 -1
T Y1
Clearly W3 contains the zero vector. Moreover, if u= | x5 | and v= | y, | are
T3 Ys

two vectors belonging to W5 and ¢ € R, then:

T3 = 21, 11+ = 0 and y3 = 2yp, y1 + 42 = 0 = 23+ Y3 = 2(x2 + 7) and
14y +x2+y2=0=u+v e Ws. Also, we have cx3 = 2cxy, cxy + cre =0

= cu € Ws. Hence, W3 is a subspace of R?.

N

a
B b 4. 2a+3b=—c
V=11 ER’{4b—c+2a—2d
_ d 2
a a
AR L [23 1 o]l
- C€R7l24—1—2:| N
k_d d_
( _%bb_%c A
= ; b,ceR
c
x__b_%c J
Hence, W = Nul A = Col B,
3 1
23 1 0] _% _%
where A = 9 4 —1 -9 and B = 0 1
| L s
2

(b) Since W = Nul A, and Nul A is a subspace of R, so is W.



d.

6.

1—-A 0 —1

(a) det(A—X)=| 3 —2-X 1 =(1-N[(-2-X*-0] -1(0-0)
0 0 —2—-A
=(1=MN(=2=X"=1=-N2+\~
(b) The eigenvalues of A: det(A—A)=0= (1-AN)2+A)?=0=>A=1or A= -2.
0 -1 0 3 =3 10
10 0O 0 -1 0
0 -3 0 0 0 10

= (
0
Eigenvector for A\ =1: (A— X))z =0~ | 3 -3
0
0
0
0

of A.

30
Eigenvector for A\ = —2: (A—A)xz =0~ | 3 0
0 0

10 -1/3 0 1000
~ 100 1 0]l ~[0 01 0| =2 =x3=0,and zs is a free variable.
00 00 0000
0
Hence the vectors | 1 | is an eigenvetor of A.
0
1 -2 0 2 .
(a) Let det P = 1' 11 ‘ — 1‘ 1 _9 ‘ = 1. Let C be the cofactors matrix, so we

have:

Chi=-1 Cp=2 Ci3=1,

Oy = =2, Oy =3, Uy =1,

C31 = —2, C33 =2, and C33 = 1.

Hence,
-1 -2 -2
Pl=_2Adj A= 507 = 2 3 2
1 1 1

D) (1= + et —t?)+2-2t+t3)=0=c1[1 —t?]; + o[t — t*]5
+c3 [2—2t+t2 = [0]5

2 0 1 0 20 10 20
~ 1 -2 0 0 1 -20|~101 =20
—1 -1 10 0 -1 30 00 10
1000
~ 1010 O0]| = ¢ =c =c3 =0 = the polynomials of B are linearly
0010
independent.
Since the dim(Ps) = 3, then B is a basis for Ps.
-1 -2 =2 3 7
(c)xg =P x=| 2 3 2 1|=1]-3

1 1 1 —6 -2
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(b) pe Ker T = p(t) = ap + ait + ast® = 0 with p(0) = p(3) =0

é{ ja1 + jas = 0 ﬁ’{ gy = —20, = P =0t art+at? =ait(l—20).

Hence, t(1 — 2t) spans Ker T.
8. (a) B = {bl, bg, ceny bn} = AB=A [blbgbn] = [AblAbgAbn] . Hence, the set {AblAbQAbn}
spans Col AB.

(b) A is invertible = the columns of A are linearly independent, which by the rank Th.
implies that dim (Nul A) = 0.

(c) Let A be an eigenvalue of A, then linearity of multiplication gives
A2r = A(Ax) = AQ\x) = Mx = M\z) = o

(d) T+A)(I—-A+A)=T—- A+ A>+ A— A?+ A3 =T (because A* =0).
Hence, by the inverse matrix Th. (I + A) is invertibe and (I + A)™!' =1 — A + A2



