MATH 2202 - FALL 2008
MIDTERM EXAM 1 SOLUTIONS

1 3 -3 2 1 3 -3 2
L (@) A=] 2 =5 2 —2|~|0 1 -4 2| Ry+2R
3 7 -1 2 0 -2 8 —4 | Ry—3R,
"1 -3 3 -2 10 -9 4
~lo 1 -4 2 o1 4 o Mt
(0 0 0 0] Ry+2R, 00 00

(b) The columns of A do not span R? because row 3 does have a pivot postion.

(c) Ax =0<= [A0] ~ [B O] = x1 = 9x3 — 4z4; 9 = 4x3 — 224; x3 and x4 are free

variables.
T 9 —4
— X = T2 = T3Vi + T4Ve, Where v = 4 , and vy = —2
T3 1 0
Ty 0 ]_
Hence, the solution set is spanned by the vectors v; and vs.
13 -3 2] 134342 1
(d) Ap = 2 =5 2 =2 1= 245—2-2 = 3
-3 7 -1 2 1 —3-T+1+2 -7

i.e. p is a particular solution of Ax = b. Hence, from (c) the general solution of
Ax = b is given by: x = p + x3v; + x4V2 which represents a plane through the
vector p.

2. () {v1,vs} is a linear independent set because the vectors vy, and vsare not multiples of

each other.
(17) {va, v4, —3vy + 4v,} is linear dependent set because the vector —3vs 4 4vy is a linear

combination of the two first vectors v, and vy.
(7ii) {v1, V2, Vs, vy} is linear dependent because the numbers of vectors is greater than

the number of entries in each vector.
(1v) {va, v4, Vo — v4} is linear dependent set because the vector vy — vy is a linear combi-
nation of the two first vectors vy and vy.

_V2 _A2 1 —
(a) T(e) = [ _ii and T'(ep) = é ] — A=[T(e;) T(er)] = ‘/75 [ _1 } } .

A ~ [ :} _1 } ~ [ _é _; } which has a pivot position in every row, then

Ax = 0 has a solution for each b in R2. It follows that 7 is maps R? onto R?.
Further, Ax = 0 has only the trivial solution, then 7" is a one to one mapping.

1
(b) Let w = | —13 | . First, we need to solve for z; and x the vector equation
11
1 2 1 1 2 1
TiU+ LoV =W & 2 -1 =13 | ~| 0 =5 -—15 Rs — 2R,
-1 2 11 0 4 12 Rs + Ry

— xy=3and z; =1 — 229 = —5.



Hence,

T(w) = T(—5u + 3v) = —5T(u) + 3T(v) = —5 [ . } +3 [ > } _ [ ) } |

(a) The number of pivot positions is at most nm < n.So, the system Ax = 0 has free
variables and consequently non trivial solutions.

(b) {v1,va,v3} a linearly independent set —> there exist x1,x2, and x3 not zero such
that:

r1V1 + 2oy + 3vy = 0 = T'(21v1 + 29va + 23v3) = T(0) =0
= 11T (v1) + 23T (ve) + 23T (v3) = 0 = {T'(vy1),T(v2),T(v3)} is a linearly depen-
dent set.
cTy cxy + 4exs cxy + 4cxo
(c) T(ex) = T({ CTo b B [ cxe — 3|cxy| ] B { cxy — 3|c| |21 ]
1 + 4o
x9 — 3¢ |xq|

#T(x) =c|

, for ¢ € R. Hence, T is not a linear transformation.



MATH 2202 - SPRING 2009
MIDTERM EXAM 2 SOLUTIONS

1. (a) (¢) X is not invertible because it is not a square matrix.

(74) The third column of the matrix Y is equal to the sum of columns 1 and 2 i.e.
the column of Y are linearly dependent. It follows by the IMT that the matrix Y is
not invertible.

(791) Since Z is the product of two triangular matrices, det Z =2-1=2#0= Z is
invertible.

(b) A= B(2C —3I)BT = B~'A = B"'B(2C — 3I)BT = (B~'B)(2C — 31)BY
= (2C — 31)B”
= (B1A)(BT)"! = (2C — 31)(BT(BT)™') = 2C — 3] = BYA(B~Y)T = 2C — 3]
=20 = BTAB N +31. = C =1 [BAB )T +31].

1 -2 2 -1 1 -2 2 -1

) A=| 3 =4 7 —4|~|0 2 1 —1| Ry—3R,
| -1 -4 =5 5 0 -6 -3 4| Ry+Ry
(1 -2 2 1]

~10 21 -1 .
0 00 1| R3+3Re

1 1 -2 2 -1
i.e L = 3 1 andU= 1|0 21 -1
-1 -3 1 0 00 1
91:1 y1:1
(b) (i) Ly =b &4 3y +y2=4 =< yp=4—-3y; =4-3=1
—y1 —3y2 +ys = —2 Y3 =2+ +3y2 = —2+1+4+3 =2
1
e y=|1
2
[1 —2 2 -1 1 1 -2 2 0 3 1 03 06
(ii)lx=y<|0 21 -1 1|~]0 2103|~(02103
0 00 1 2 0O 001 2 00012
(1 —2 2 0 3
~ |0 1 1/2 0 3/2
|0 0 0 1 2
3 m3 .
= 11 =6 — 33, I2:§—?, x4 = 2, and z3 a free variable.

(a) Ax = b has at least one solution for each b = the matrix A has a pivot in each row

= the matrix A has a pivot in each column = Ax = b has no free variable
= Ax = b has exactly one solution.

(b) A2—2A+1=0= A2 =24A—T= A3 =242— A= A3 =2024—1)— A=3A-2I.

(c) —A is obtained by multiplying each row of A by —1. Hence, by the properties of

determinants
n times

det(—A) = (~1)(~1)...(~1) det A = (~1)" det A.

4

~~



(d)

a b c a b c a b c
a+d b+d c+d|=|a+d—a b+d—b c+d—c|=|d d d
a+e b+e c+e a+e—a b+e—b ct+e—c e e e

a b c
=de| 1 1 1| =0 (determinant with two rows that are equal).
1 11

o[ 20114 2] [, )

X I 0o S XA S |7

then{AH Au}:{An 0]{1 Y}:[An AnY '
A21 A22 XAH S 0 I XAH XAHY + S

Hence, Ally = Alg, XAH = Agl, and XAHY + S = AQQ.

Since A;; is invertible, it follows that Y = A’ A5, and X = Ay A}

Substituting for X and Y in the partitioned matrix we get

XA Y + SAQlAiIAHAiIAlg + S =A9 =85 = Ay — AglAilAlg

which is the given value for S.

Since det AT = det A = —2, and det B =1/ det B = 1/4, then,
det(A%(B71)2ATB3) = (det A)%(1/ det B)?(det A)(det B)? = (det A)3 det B
= (—8)(4) = —32.



