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1. (5 marks) Calculate the line integral of the vector field

— —

F = (2% - 2:83;)7> + (y* — 2zy) j

Solution _ _

C:7T@#)=ti +t*j, —-1<t<1, (1 mark)

— i - 1

r'(t)= 1 +2tj, (5 mark)

F(F(t) = (2—263) 7 + (t*—26%) § and (1 mark)
F(F@)T'(t) =2 — 263 + 25 — 4t*.

Therefore,

/C?.d? _ /_1 F (7)) 7 ()t

1

1
= / (£ —2t> +2t° — 4t*) dt (1 mark)

1y, 1, 1, 4.

= -ttt (1 mark)
37 20 "3 5|
~14 1

= (= mark)



- =
2. (5 marks) Calculate the curl of the vector field F = yr g
/12 + yQ

Solution

The vector F has components F; = d

X
- e I = T 5
V2 + 2 2 V2 + 2 an

F5; =0. (1 mark).

Its curl is
Cl F o= VxF =222 98\ T (1 mark)
ox dy
2 2

= Y 3 — ° k(3 marks)
) (i
2 _ .2

- L%
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1. (5 marks) Calculate the line integral of the vector field

—

F = (2% - 2:83;)7> + (y?

—

—2xy) j

along the line segment from (—1,1) to (1,1).

1,1), (0<t<1)
(1 mark)

2 —1)] 7 +[1-2(2t—1)] j and (1 mark)

Solution
C: 7@ = (1-t)(-1,1)+¢
- 2-1)7+7,
F(t)=27, (1 mark)
F(7(1) = [(2t =1 =
F(7 (1) 7' (t) = 82 — 16t + 6.
Hence

/Fd?
C

/

—

F(7 @) 7 (t)dt

1
/ (8t — 16t +6) d¢t (1 mark)
0

1

8

—t3 — 82 + 6t
3 0
-2 1

—. (= mark)
3 2

(1 mark)



- =

2. (5 marks) Calculate the curl of the vector field ? _yr vy

Solution
Y T

—
The vector field F' has components F} = ———, [ = —————,
/.TQ + y2 /x2 + y2
and F5 =0. (1 mark)

Its curl is
CulF = VxF= oF, _oh ¥ (1 mark)
or oy
2 2
= |- y 3 — a 3 ¥ (3 marks)
(Var+u?)" (Var+s?
y2 +l‘2 — 1 N
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1. (5 marks) Given that the differential form
(2ze™ + z2ye™)dx + (x3e™ + 2y)dy
is exact, evaluate the integral
(1,1
I= /(1 ) (2ze™ + z2ye™)dx + (x3e™ 4 2y)dy.

Solution
We find the potential function f from % = z3e®™ + 2y.

f(z,y) = 2%e™ +y* + h(z) (1 mark)
? = 2ze™ + x?ye™ + 1/ (z) = 22ze™ + 2%ye™ (1 mark)
x

h(z)=0= h(z) =k (1 mark)
f(z,y) = 2%e™ +4*> + k (1 mark)
I=f(1,1)—f(1,0) =e. (1 mark)

il



. — zd + y7
2. (5 marks) Calculate the divergence of the vector field F' = ﬁ
T4 +y

Solution - " y

The vector field F' has components F} = ———— and F, = ———.
VA N

(1 mark)

Its divergence is

= = oF, 0F,
— 4+ — (1 k
A\ o + oy (1 mark)
2 2
= Y =+ :c s (3 marks)
(\/x2 + 92 (\/xz +y2>
y2 + 22 1
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1. (5 marks) Given that the differential form
(22%y" + x)dz + (22"y° + y)dy
is exact, evaluate the integral
(1.1)
I= /(170) (223y* + x)dz + (22*y> + y)dy.

Solution
We find the potential function f from % =223yt + 2.

flz,y) = say' + ~2® + h(y) (1 mark)

2 2
Of o a8, 11\ _ad3
ay—Qxy +h'(y) =3z"y° +y (1 mark)

W(y) =y = h(y) = %yQ +k (1 mark)
flz,y) = %x4y4 + % (J:2 + y2) +k (1 mark)
)

I=f(1,1)— f(1,0)=1. (1 mark)

el



. = _wi-yj
2. (5 marks) Calculate the divergence of the vector field F' = ﬁ
ety

Solution _ " Y

The vector field F' has components F} = ———— and Fp, = ————.
/$2 + y2 /1'2 + y2

(1 mark)

Its divergence is

= = oF, 0F,
2 2
= Y T — :c s (3 marks)
( /$2+y2> ( /xZ _|_y2>
y? — 22

()
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1. (5 marks) Evaluate the integral

/Cf(?)ds

where f(x,y,2) = zyz, C : 7' (t) = (cost,sint,3t), 0 < t < 4n, and s is
the arc length.

Solution

4m
/ f()ds = / 3t costsinty/sin? ¢ + cos? ¢ + 9dt (1 mark)
c 0

4T
1
= 10/ 3t (2 sin 2t> dt (1 mark)
0

310 [*"
0
310 [1 . t i
= —5 [4 sin 2t — 5 08 Qt} . (2 marks)

= —37/10. (1 mark)



2. (5 marks) Calculate the divergence of the vector field F(z,y, z) given by

— —

F(z,y,2) = e™= g 4 %eyj) +1In(yz) k

Solution "
The vector F' has components Fy = ™%, I, = —e¥, and F3 = In(yz).
Yy

(1 mark)
Its divergence is

= - 8F1 8F2 8F3
Fo= 21202208 (1 mark
v Or * dy + 0z (1 mark)

0 0 [« 0
— (¥ Yy
52 )4 o (Se) 4 5 (niy)
2x

1
Loy ey (3 marks)
z

= yze™* 4 7 7



