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1. (5 marks) Calculate the line integral of the vector field

−→
F = (x2 − 2xy)

−→
i + (y2 − 2xy)

−→
j

from (−1, 1) to (1, 1) along the parabola y = x2.

Solution
C : −→r (t) = t

−→
i + t2

−→
j , −1 ≤ t ≤ 1, (1 mark)

−→r ′(t) =
−→
i + 2t

−→
j , (1

2 mark)
−→
F (−→r (t)) =

(
t2 − 2t3

)−→
i +

(
t4 − 2t3

)−→
j and (1 mark)

−→
F (−→r (t))·−→r ′(t) = t2 − 2t3 + 2t5 − 4t4.
Therefore,∫

C

−→
F ·d−→r =

∫ 1

−1

−→
F (−→r (t))·−→r ′(t)dt

=
∫ 1

−1

(
t2 − 2t3 + 2t5 − 4t4

)
dt (1 mark)

=
1
3
t3 − 1

2
t4 +

1
3
t6 − 4

5
t5

∣∣∣∣1
−1

(1 mark)

=
−14
15

(
1
2

mark).



2. (5 marks) Calculate the curl of the vector field
−→
F =

y
−→
i + x

−→
j√

x2 + y2

Solution
The vector

−→
F has components F1 =

y√
x2 + y2

, F2 =
x√

x2 + y2
, and

F3 = 0. (1 mark).
Its curl is

Curl
−→
F =

−→
∇ ×

−→
F =

(
∂F2

∂x
− ∂F1

∂y

)
−→
k (1 mark)

=

 y2(√
x2 + y2

)3 −
x2(√

x2 + y2
)3

−→k (3 marks)

=
y2 − x2√
x2 + y2

−→
k .
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1. (5 marks) Calculate the line integral of the vector field

−→
F = (x2 − 2xy)

−→
i + (y2 − 2xy)

−→
j

along the line segment from (−1, 1) to (1, 1).

Solution

C : −→r (t) = (1− t)(−1, 1) + t(1, 1), (0 ≤ t ≤ 1)

= (2t− 1)
−→
i +

−→
j , (1 mark)

−→r ′(t) = 2
−→
i , (1

2 mark)
−→
F (−→r (t)) =

[
(2t− 1)2 − 2(2t− 1)

]−→
i +[1− 2(2t− 1)]

−→
j and (1 mark)

−→
F (−→r (t))·−→r ′(t) = 8t2 − 16t + 6.
Hence ∫

C

−→
F ·d−→r =

∫ 1

0

−→
F (−→r (t))·−→r ′(t)dt

=
∫ 1

0

(
8t2 − 16t + 6

)
dt (1 mark)

=
8
3
t3 − 8t2 + 6t

∣∣∣∣1
0

(1 mark)

=
−2
3

. (
1
2

mark)



2. (5 marks) Calculate the curl of the vector field
−→
F =

y
−→
i − x

−→
j√

x2 + y2

Solution
The vector field

−→
F has components F1 =

y√
x2 + y2

, F2 = − x√
x2 + y2

,

and F3 = 0. (1 mark)
Its curl is

Curl
−→
F =

−→
∇ ×

−→
F =

(
∂F2

∂x
− ∂F1

∂y

)
−→
k (1 mark)

=

− y2(√
x2 + y2

)3 −
x2(√

x2 + y2
)3

−→k (3 marks)

= − y2 + x2(√
x2 + y2

)3

−→
k = − 1√

x2 + y2

−→
k .
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1. (5 marks) Given that the differential form

(2xexy + x2yexy)dx + (x3exy + 2y)dy

is exact, evaluate the integral

I =
∫ (1,1)

(1,0)

(2xexy + x2yexy)dx + (x3exy + 2y)dy.

Solution
We find the potential function f from ∂f

∂y = x3exy + 2y.

=⇒ f(x, y) = x2exy + y2 + h(x) (1 mark)

=⇒ ∂f

∂x
= 2xexy + x2yexy + h′(x) = 2xexy + x2yexy (1 mark)

=⇒ h′(x) = 0 =⇒ h(x) = k (1 mark)
=⇒ f(x, y) = x2exy + y2 + k (1 mark)
=⇒ I = f(1, 1)− f(1, 0) = e. (1 mark)



2. (5 marks) Calculate the divergence of the vector field
−→
F =

x
−→
i + y

−→
j√

x2 + y2

Solution
The vector field

−→
F has components F1 =

x√
x2 + y2

and F2 =
y√

x2 + y2
.

(1 mark)
Its divergence is

−→
∇ ·

−→
F =

∂F1

∂x
+

∂F2

∂y
(1 mark)

=
y2(√

x2 + y2
)3 +

x2(√
x2 + y2

)3 (3 marks)

=
y2 + x2(√
x2 + y2

)3 =
1√

x2 + y2
.
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1. (5 marks) Given that the differential form

(2x3y4 + x)dx + (2x4y3 + y)dy

is exact, evaluate the integral

I =
∫ (1,1)

(1,0)

(2x3y4 + x)dx + (2x4y3 + y)dy.

Solution
We find the potential function f from ∂f

∂x = 2x3y4 + x.

=⇒ f(x, y) =
1
2
x4y4 +

1
2
x2 + h(y) (1 mark)

=⇒ ∂f

∂y
= 2x4y3 + h′(y) = 3x4y3 + y (1 mark)

=⇒ h′(y) = y =⇒ h(y) =
1
2
y2 + k (1 mark)

=⇒ f(x, y) =
1
2
x4y4 +

1
2

(
x2 + y2

)
+ k (1 mark)

=⇒ I = f(1, 1)− f(1, 0) = 1. (1 mark)



2. (5 marks) Calculate the divergence of the vector field
−→
F =

x
−→
i − y

−→
j√

x2 + y2

Solution
The vector field

−→
F has components F1 =

x√
x2 + y2

and F2 = − y√
x2 + y2

.

(1 mark)
Its divergence is

−→
∇ ·

−→
F =

∂F1

∂x
+

∂F2

∂y
(1 mark)

=
y2(√

x2 + y2
)3 −

x2(√
x2 + y2

)3 (3 marks)

=
y2 − x2(√
x2 + y2

)3 .
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1. (5 marks) Evaluate the integral∫
C

f(−→r )ds

where f(x, y, z) = xyz, C : −→r (t) = (cos t, sin t, 3t), 0 ≤ t ≤ 4π, and s is
the arc length.

Solution

∫
C

f(−→r )ds =
∫ 4π

0

3t cos t sin t
√

sin2 t + cos2 t + 9dt (1 mark)

=
√

10
∫ 4π

0

3t

(
1
2

sin 2t

)
dt (1 mark)

=
3
√

10
2

∫ 4π

0

t sin 2tdt

=
3
√

10
2

[
1
4

sin 2t− t

2
cos 2t

]4π

0

(2 marks)

= −3π
√

10. (1 mark)



2. (5 marks) Calculate the divergence of the vector field F (x, y, z) given by

−→
F (x, y, z) = exyz−→i +

x

y2
ey−→j + ln(yz)

−→
k .

Solution
The vector

−→
F has components F1 = exyz, F2 =

x

y2
ey, and F3 = ln(yz).

(1 mark)
Its divergence is

−→
∇ ·

−→
F =

∂F1

∂x
+

∂F2

∂y
+

∂F3

∂z
(1 mark)

=
∂

∂x
(exyz) +

∂

∂y

(
x

y2
ey

)
+

∂

∂z
(ln(yz))

= yzexyz +
x

y2
ey − 2x

y3
ey +

1
z
. (3 marks)


